In this paper, we studied the approximate scattering state solutions of the Dirac equation with the hyperbolical potential with pseudospin and spin symmetries. Using a suitable short range approximation within the formalism of functional analytical method, we obtained the spin-orbit quantum numbers dependent scattering phase shifts for the spin and pseudospin symmetries. The normalization constants, lower and upper radial spinor for the two symmetries and the relativistic energy spectra were presented. Our results reveal that both the symmetry constants ( and ) and the spin-orbit quantum number κ affect scattering phase shifts significantly. 
Introduction
Scattering theory is very central to the study of several of fields such as atomic, nuclear, high energy, or condensed matter physics. It allows for descriptions and interpretations of many collisions process such as excitation and ionization by particle or radiation impact, etc. [1] [2] [3] [4] [5] [6] [7] . Complete information about the quantum systems can only be obtained by investigating scattering state solutions of relativistic and non-relativistic equations with quantum mechanical potential model.
As a result, several authors in quantum mechanics have strictly followed different approaches to study the scattering state solutions of the relativistic and non-relativistic wave equations for central and non-central potential models . In their works, they have reported the calculations on phase shifts, transmission and reflection coefficients, resonances, normalized radial wave functions and properties of Smatrix for potential models of their interest. All these are sufficient enough to predict, correlate and describes the behaviour of particles. This paper is organized as follows: Section 2 contains the basic equation, In Section 3, we studied the approximate scattering state solutions for the Hyperbolical potential in detail. In Section 4, the numerical results were presented and discussed. Finally, the conclusions are given in Section 5.
The Basic Equations
By considering the Dirac wave equation and its corresponding spinors, the two-coupled first order differential equations for the upper and lower components of the spinor may be obtained as [37] [38] [39] [40] [41] :
[ − ]
where ∆( ) = ( ) − ( ) and ( ) = ( ) + ( ). Solving for ( ) in Eq. (1) and ( ) in Eq.
(2), we obtain the Schrödinger-like equations satisfying for upper radial spinor ( ) and lower radial spinor ( ), respectively as:
where ( − 1) =̃(̃+ 1) and ( + 1) = ( + 1).
Pseudospin symmetry limit for the hyperbolical potential
By following the pseudospin symmetry conditions and considering the hyperbolical potential ∆( ) satisfying relativistic model [42] [43] [44] [45] [46] :
where D, and 0 are the three positive potential parameters that significantly affect the relativistic energy spectra and the relativistic scattering phase shifts. Schiöberg [43] reported that this potential is closely related to the Morse, the Kratzer, the Coulomb, the harmonic oscillators and other potential functions in a particular limits. The properties and applications of this potential have been given by Lu et al. (2005) and Schiöberg (1986) .
Under the pseudospin symmetry condition Eq. (4) yields
where = ( + )( − + ) and = − + are the pseudospin symmetry energy parameters.
Spin symmetry limit for the hyperbolical potential
In a similar way, we consider the spin symmetry conditions and take ( ) as hyperbolical potential [42] [43] [44] [45] [46] . i.e.
and using the spin symmetry conditions, Eq. (3) becomes
where ̃= ( − , )( + , − ) and ̃= ( + , − ) denote spin symmetry energy parameters.
Pekeris-type approximation
In all the limits we apply the following short range approximation [47] [48] [49] [50] [51] [52] :
where 0 = 0.0823058167837972 is a proper shift and when 0 = 0, this approximation is identical to the one suggested by Greene & Aldrich [47] . The choice of this approximation is based on the fact that it is good approximation to
term and it is very accurate for small potential parameter and 0 . Falaye [45] reported that the difference between the exact results and the one obtained by this approximation is very small and it can be ignored. Our interest here is to apply this approximation and see whether the symmetry constants ( and ) and the spin-orbit quantum number will have any influence on the scattering phase shifts.
3.
Relativistic scattering state solutions 3.1.
Pseudospin Symmetry limit for hyperbolical potential
Defining a variable = 1 − −2
and applying approximation in Eq. (9), then, Eq. (6) reduces to
with the following useful definitions:
where 1 = √ (1 − 0 ) 2 − − 4 2 ( − 1) 0 is the asymptotic wave number for the pseudo-spin symmetry limit.
In order to solve Eq. (10) via the functional analytical method, we need to assume a wave function
with the pseudospin wave function parameter = 
By considering the boundary condition that ( ) tends to finite when → 0, the lower component of radial wave functions for any arbitrary −wave scattering states for the hyperbolical potential is obtained as [53] : 
It is required that we consider the following conjugate relations which define the asymptotic phases
and is the normalization.
Pseudospin symmetry phase shifts and normalization constant
To obtain the phase shifts and normalization constant, we apply the following recurrence relation of hypergeometric function or analytic-continuation formula [53] :
2 1 ( ; ; 1 + + − ; 1 − )
Considering Eq. (17) and the property 2 1 ( , ; ; 0) = 1, as → ∞, we have
using Eq. (16), we may transform Eq. (18) as
By taking
| and inserting in Eq. (19), we have
Therefore, we obtain the asymptotic form of the lower spinor for → ∞ as
On comparison of Eq. (20) with the boundary condition → ∞ ⟹ , (∞) → 2 sin ( 1 + , − 2 )
[3]. Thus, we finally obtain the explicit pseudospin symmetry phase shifts and the normalization constant, respectively as; | .
Analytical properties of S-matrix for the pseudospin symmetry limit
Here, the analytical properties of partial-wave s-matrix is investigated to verify the fact that the poles of the s-matrix in the complex energy plane correspond to bound states for real poles [54] , thus, we consider Г ( + 
Consequently, the bound state energy levels for the pseudospin symmetry limit is obtained as: 
Spin symmetry limit for the hyperbolical potential
Using the previously defined transformation variable and approximation, Eq. (8) becomes
with the following spin symmetry phase parameters:
where 2 = √ −̃(1 − 0 ) 2 −̃− 4 2 ( + 1) 0 is the asymptotic wave number for the spin symmetry limit.
Similarly, we also assume the following upper wave function for the spin symmetry
with the spin symmetry wave function parameter ̃= To avoid repetition, we follow the same procedures in previous sub-section and write the upper component of spin symmetry radial wave functions for any arbitrary −wave scattering states as
where we have used the following wave function parameters
where is the normalization constant depending on and .
Spin Symmetry Phase Shifts and Normalization Constant
Following the same steps in sub-Section 3.1.2, we write the explicit spin symmetry phase shifts and the corresponding normalization constant, respectively as 
|,
where we have employed the following phase shifts parameters for simplicity 
Analytical Properties of S-matrix for the spin symmetry limit
Following the same fashion in sub-Section 3.13, the corresponding bound state energy levels for the spin symmetry are determined by the following energy equation:
3.3.
Non-relativistic limit for the scattering state solution
To study the non-relativistic limit, we apply the following appropriate mapping to Eq. (36):
Consequently, we obtain the non-relativistic bound state energy levels for any arbitrary as: 
Discussion and Conclusion
The pseudospin symmetry bound states energy spectra display in table 1 is obtained from Eq. (25) and the corresponding spin symmetry bound states energy spectra display in table 2 is obtained from Eq.
(36) while the non-relativistic bound state energy spectra is obtained from Eq. (38) . The pseudospin symmetry and spin symmetry phase shifts are obtained from Eq. (22) and Eq. (31) respectively.
In Tables 1 and 2 , for a fixed values principal quantum numbering values , the relativistic bound state energies increase with decreasing of spin -orbit quantum numbers κ whether the symmetry constants are present or not. The results reasonably showed that the presence symmetry constants contribute significantly to the relativistic bound state energies. Table 3 displayed non-relativistic energies for the hyperbolical potential which is in excellent agreement with the one obtained by asymptotic iteration method [45] for the state 2p, 3p, 3d, 4p, 4d and 4f for positive potential parameter 0 = 0.10.
The pseudospin symmetry and spin symmetry phase shifts are displayed in table 4 and table 5 respectively. To see the clearer behaviour of the phase shifts in the spin and pseudospin symmetry limits we plot the numerical results of phase shift in both pseudospin and spin symmetries against the spin-orbit quantum numbers κ in the figures 1-4. In figure 1 , Phase shifts is slightly decreasing exponentially to the left and to the right for negative and positive values of spin-orbit quantum numbers, respectively for zero pseudo spin constant. A steady phase shifts is observed at −1 ≤ κ ≤ 1. This suggest that the spin-orbit number affect phase shifts significantly for any arbitrary angular momentum quantum number. Figure 2 illustrate the behaviour of phase shifts in the presence of pseudo spin constants, the graphs follow the same pattern with a more negative phase shifts. The negativity is an indication that pseudospin constant strongly influence scattering phase shifts. However, Figure 3 and 4 illustrate the behaviour of spin symmetry phase shifts. An exponential rise in phase shifts to the left and to the right for negative and positive value of the spin-orbit quantum numbers κ, respectively is observed for all . In figure 3 , an overlapping of phase shifts is observed for = 2 &3 indicating that the particle of these angular momentum number will experience the same phase shifts. A reasonable increase in spin symmetry constant give a more distinctive phase shifts (see figure 4 ).
In conclusion, we have studied the approximate scattering state solution of Dirac equation with the hyperbolical potential using a short-range approximation within the framework of functional analytical method. We have obtained the spin and pseudosin symmetry bound state energies and their corresponding non-relativistic energies, spin and pseudospin symmetry phase shifts, normalization constants, pseudospin symmetry lower component and spin symmetry upper component of radial spinor wave functions for any arbitrary −wave scattering states.
We also studied the behaviour of phase shifts with spin-orbit quantum numbers under spin and pseudo spin symmetries and we have successfully showed that relativistic scattering phase shifts is largely depend on the symmetry constants ( and ) and spin-orbit quantum numbers
